Received: January 31, 2000, Accepted: March 9, 2000

HYPER VERSION

Noncommutative and ordinary super Yang-Mills on (D(p − 2), Dp) bound states

Rong-Gen Cai and Nobuyoshi Ohta

Department of Physics, Osaka University Toyonaka, Osaka 560-0043, Japan E-mail: cai@het.phys.sci.osaka-u.ac.jp ohta@phys.sci.osaka-u.ac.jp

Abstract: We study properties of (D(p − 2), Dp) nonthreshold bound states (2 ≤ p ≤ 6) in the dual gravity description. These bound states can be viewed as Dp-branes with a nonzero NS B-field of rank two. We find that in the decoupling limit, the thermodynamics of the N_p coincident Dp-branes with B-field is the same not only as that of N_p coincident Dp-branes without B-field, but also as that of the N_{p−2} coincident D(p − 2)-branes with two smeared coordinates and no B-field, for N_{p−2}/N_p = Ṽ_2/[(2π)^2b̃] with Ṽ_2 being the area of the two smeared directions and b̃ a noncommutativity parameter. We also obtain the same relation from the thermodynamics and dynamics by probe methods. This suggests that the noncommutative super Yang-Mills with gauge group U(N_p) in (p + 1) dimensions is equivalent to an ordinary one with gauge group U(∞) in (p − 1) dimensions in the limit Ṽ_2 → ∞. We also find that the free energy of a Dp-brane probe with B-field in the background of Dp-branes with B-field coincides with that of a Dp-brane probe in the background of Dp-branes without B-field.

Keywords: D-branes, String Duality.

Contents

1. Introduction 1

2. The (D(p − 2), Dp) bound states and implications of their thermodynamics 3

3. The static probes: thermodynamics 10 3.1 A noncommutative Dp-brane probe 10 3.2 A D(p − 2)-brane probe 13

4. The dynamical probes: absorbing or scattering 15 4.1 The noncommutative Dp-brane probe 15 4.2 The D(p − 2)-brane probe 18

5. Conclusions 19

1. Introduction

Recently there has been much interest in studying the properties of the (D(p−2), Dp) bound states and their consequences (see for example [1]–[11] and references therein). Such bound states can be viewed as Dp-branes with a nonzero (rank two) Neveu- Schwarz (NS) B-field. At present, it is known that the worldvolume coordinates will become noncommutative if a Dp-brane carries a nonvanishing NS B-field on its worldvolume [12]–[20], and the field theories on the worldvolume of such D-branes are called noncommutative field theories in order to distinguish the ordinary field theories on the worldvolume of D-branes without NS B-field. The gauge theories on the noncommutative spacetimes can naturally be realized in string theories. According to the Maldacena conjecture [21]–[24], the string theories can be used to study the large-N noncommutative field theories in the strong ’t Hooft coupling limit.

On the basis of consideration of planar diagrams, Bigatti and Susskind [25] argued that the large-N noncommutative and ordinary gauge field theories are equivalent in the weak coupling limit and noncommutative effects can be seen only in the nonplanar diagrams. Explicit perturbative calculations [26] render evidence to this assertion. On the supergravity side, it has also been found that the thermodynamics of near-extremal Dp-branes with a nonvanishing NS B-field coincides exactly with that of the corresponding Dp-branes without B field [2, 5, 6, 7, 9], which means that in the large N and strong coupling limit, the number of the degrees of freedom of the noncommutative gauge fields remains unchanged despite the noncommutativity of space.

More recently, Lu and Roy [11] have found that in the system of (D(p − 2), Dp) bound states (2 ≤ p ≤ 6), the noncommutative effects of gauge fields are actually due to the presence of infinitely many D(p − 2)-branes which play the dominant role over the Dp-branes in the large B-field limit. The Dp-branes with a constant B-field represent dynamically the system of infinitely many D(p − 2)-branes with two smeared transverse coordinates (additional isometrics) and no B-field in the decoupling limit. With this observation, Lu and Roy further argued that there is an equivalence between the noncommutative super Yang-Mills theory in (p + 1) dimensions and an ordinary one with gauge group U(∞) in (p − 1) dimensions. For related discussions, see also [27, 28, 4, 29, 30, 31].

In the present paper, we would like to discuss this equivalence from the viewpoint of the thermodynamics of the (D(p − 2), Dp) bound states in the dual gravity description with two dimensions compactified on a torus. The case discussed by Lu and Roy [11] corresponds to the infinite volume limit of the torus, and we would like to clarify some subtle questions in this analysis.

In the next section, we study the black (D(p − 2), Dp) configuration and some of its basic thermodynamic properties. As mentioned above, it has been noticed that the thermodynamics of the black Dp-branes with B-field is the same as that of Dpbranes without B-field. We show here that the thermodynamics of the Dp-branes with nonzero B-field is also completely the same as that of D(p − 2)-branes with two smeared coordinates and zero B-field. We obtain a relation (eq. (2.21) below) between the numbers of Dp-branes with B-field and the D(p − 2)-branes without Bfield when this equivalence is valid. Since the worldvolume theory of Dp-branes with B-field is the noncommutative super Yang-Mills with gauge group U(N_p) in (p + 1) dimensions with two dimensions compactified on a torus and that of D(p − 2)-branes with two smeared coordinates and zero B field is an ordinary super Yang-Mills with gauge group U(N_{p−2}) in (p + 1) dimensions on the dual torus, as we will see, this implies that these theories are equivalent in the large-N limit. When the volume of the torus is sent to infinity, the latter theory reduces to U(∞) gauge theory in (p−1) dimensions for fixed N_p, in agreement with [11]. This is also in accordance with the proposal that D2-brane is a condensate of D0-branes [27, 28, 4]. Furthermore, we give the relation of Yang-Mills coupling constants between the theories in different dimensions.

Investigating the interactions between a probe and a source is a useful method to see some of the properties of the source. For instance, a scalar field has been used [32, 33, 34] as a probe to find out the noncommutative effects on the absorption by the (D1, D3) bound state. In section 3, we study the descriptions of the (D(p−2),

Dp) bound state in terms of the Dp-branes with B-field and in terms of the D(p − 2)- branes without B-field by analyzing the thermodynamics of two probes, one of which is a bound state of D(p − 2)- and Dp-branes and the other is a D(p − 2)-brane. In the decoupling limit, we find a relation (3.19) similar to (2.21). In section 4, we further reveal the equivalence of the descriptions by examining the dynamics of the probes in the bound state backgrounds. We find that non-extremal D-branes can be located at the horizon from the viewpoint of probes. We summarize our results in section 5.

2. The (D(p − 2), Dp) bound states and implications of their thermodynamics

The supergravity solutions of the (D(p − 2), Dp) bound states (2 ≤ p ≤ 6 ) in type-II superstring theories have been constructed by many authors in [35, 36, 37, 38, 9]. The supergravity solutions of the (D(p − 2), Dp) bound states can be acquired by taking the extremal limit of the corresponding black configurations.

We start with the general solution

ds^2 = H^{−1/2} [ −fdt^2 + dx^2_1 + · · · + dx^2_{p−2} + h(dx^2_{p−1} + dx^2_p) ] + + H^{1/2} ( f^{−1}dr^2 + r^2dΩ^2_{8−p} ) , e^{2ϕ} = g^2H^{3−p2} h , B_{p−1,p} = tan θH^{−1}h , A^p_{012···p} = g^{−1}(H^{−1} − 1)h cos θ coth α , A^{p−2}_{012···(p−2)} = g^{−1}(H^{−1} − 1) sin θ coth α , (2.1) and H = 1 + r^{7−p}_0 sinh^2 α r^{7−p} , f = 1 − (r_0 r )_{7−p} , h^{−1} = cos^2 θ + H^{−1} sin^2 θ . (2.2)

Here g is the string coupling constant, r_0 is the non-extremal Schwarzschild mass parameter and α is the boost parameter. The solution (2.1) interpolates between the black D(p − 2)-brane solution with two smeared coordinates x_{p−1} and x_p (θ = π/2), and the black Dp-brane with zero B-field (θ = 0). Note that a constant part of the B-field can be gauged away so that the constant value for B_{p−1,p} can be changed. The parameter θ characterizes the interpolation. The coordinates x_{p−1} and x_p are relative transverse directions for the D(p − 2)-branes and parametrize a rectangular 2-torus.

Denote the area of the 2-torus spanned by x_{p−1} and x_p by V_2 and the spatial volume of the D(p − 2)-brane with worldvolume coordinates (t, x_1, . . . , x_{p−2}) by V_{p−2}. The spatial volume of the Dp-brane with worldvolume coordinates (t, x_1, . . . , x_p) is then V_p = V_{p−2}V_2. The charge density of the Dp-brane in the bound state system is given by

Q_p = 1 2κ^2 ∫ Ω_{8−p} ∗F_{p+2} =

(7 − p)Ω_{8−p} cos θ 2κ^2g r^{7−p}_0 sinh α cosh α , (2.3) where 2κ^2 = (2π)^7α^{′4} is the gravity constant in ten dimensions and Ω_{8−p} is the volume of a unit (8 − p)-sphere:

Ω_{8−p} = 2π^{(9−p)/2} Γ[(9 − p)/2] = 4π · π^{(7−p)/2} (7 − p)Γ[(7 − p)/2]

. (2.4)

The D(p − 2)-brane charge density on its worldvolume is

Q_{p−2} = 1 2κ^2 ∫ V_2×Ω_{8−p} ∗F_p = (7 − p)Ω_{8−p}V_2 sin θ 2κ^2g r^{7−p}_0 sinh α cosh α . (2.5)

In fact the D(p − 2)-brane charge density on the worldvolume of Dp-brane is Q̃_{p−2} = Q^{p−2} V_2

. (2.6)

According to the charge quantization rule Q_p = T_pN_p in terms of the tension of the Dp-branes, we can obtain the number N_p of the Dp-branes and N_{p−2} of the D(p − 2)- branes in the bound states. Defining R̃^{7−p} = r^{7−p}_0 sinh α cosh α, we have the relation between the number N_p of Dp-branes and N_{p−2} of D(p − 2)-branes:

R̃^{7−p} = N_p 2κ^2gT^p (7 − p)Ω_{8−p} cos θ = N_{p−2} 2κ^2gT_{p−2} (7 − p)Ω_{8−p}V_2 sin θ

, (2.7)

where the tensions T_p and T_{p−2} have a unified expression as T_p = (2π)^{−p}(α^′)^{−(p+1)/2}.

From (2.3) and (2.5), we can see that the asymptotic value tan θ of the B-field has the following relation to the charges of the Dp- and D(p − 2)-branes:

tan θ = Q̃_{p−2} Q_p = 1 V_2 Q_{p−2} Q_p = 1 V_2 T_{p−2} T_p N_{p−2} N_p . (2.8)

The solution (2.1) has the event horizon at r = r_0 and hence has the associated thermodynamics. A standard calculation gives us the ADM mass M, Hawking temperature T and entropy S of the black configuration: M = (8 − p)Ω_{8−p}V_pr^{7−p}_0 2κ^2g^2 ( 1 + 7 − p 8 − p sinh^2 α )

T = 7 − p 4πr_0 cosh α S = 4πΩ_{8−p}V_p 2κ^2g^2 r^{8−p}_0 cosh α . (2.9)

It is somewhat surprising that these thermodynamic quantities are completely the same as those for the Dp-branes without B-field, just as noticed in [2, 5, 6, 7, 9]. The conclusion remains valid even if the angular rotation is introduced [9]. Here we focus on another aspect of the thermodynamics of this black configuration: these thermodynamic quantities are all independent of the parameter θ. As pointed out above, the parameter θ characterizes the interpolation of the solution between the black Dp-brane without B-field and the black D(p − 2)-brane with two smeared coordinates and zero B-field (a nonvanishing constant B-field along the directions transverse to the D(p − 2)-branes can be gauged away). Thus these thermodynamic quantities are also those of the black D(p − 2)-branes with two smeared coordinates and no B-field. Therefore there is the thermodynamic equivalence not only between black Dp-branes with B-field and those without B-field, but also between the black Dp-branes with B-field and black D(p − 2)-branes with two smeared coordinates and no B-field. This fact is important in the following discussions.

The thermodynamic quantities (2.9) with the charges (2.3) and (2.5) satisfy the first law of black hole thermodynamics as expected: dM = T dS + μ_pdq_p + μ_{p−2}dq_{p−2} = T dS + μ_pV_pT_pdN_p + μ_{p−2}V_{p−2}T_{p−2}dN_{p−2} , (2.10)

where μ_p and μ_{p−2} are the chemical potentials corresponding to the total charges q_p = Q_pV_p and q_{p−2} = V_{p−2}Q_{p−2}, respectively,

μ_p = cos θ tanh α g , μ_{p−2} = sin θ tanh α g . (2.11)

In addition, we notice that in the extremal limit (by taking r_0 → 0 and α → ∞, but keeping R̃^{7−p} constant), M^2_{ext.} = q^2_p + q^2_{p−2} , (2.12)

which indicates that the bound state (D(p − 2), Dp) is a nonthreshold one.

Now we turn to the field theory limit (decoupling limit) of the bound state solution (2.1), in which the gravity decouples from the field theory on the worldvolume of Dp-branes. Following [2, 5, 11], in the decoupling limit

α^′ → 0 : tan θ = b̃ α^′ , r = α^′u , r_0 = α^′u_0 , (2.13) g = g̃α^{′(5−p)/2} , x_{0,1,...,p−2} = x̃_{0,1,...,p−2} , x_{p−1,p} = α^′ b̃ x̃^{p−1,p} , and b̃, g̃, u, u_0, and x̃_μ held fixed, one has the following decoupling limit solution:

ds^2 = α^′ [( u R )_{(7−p)/2} ( −f̃dt^2 + dx̃^2_1 + · · · + dx̃^2_{p−2} + h̃(dx̃^2_{p−1} + dx̃^2_p) ) + + ( R u )_{(7−p)/2} ( f̃^{−1}du^2 + u^2dΩ^2_{8−p} )] ,

e^{2ϕ} = g̃^2b̃^2h̃ ( R u )_{(7−p)(3−p)/2} , B_{p−1,p} = α^′ b̃ (au)^{7−p} 1 + (au)^{7−p}

, (2.14) where the corresponding RR fields are not exposed explicitly,

f̃ = 1 − (u_0 u )_{7−p} , h̃ = 1 1 + (au)^{7−p} , a^{7−p} = b̃2 R^{7−p} , (2.15) and R^{7−p} = 1 2 (2π)^{6−p}π^{−(7−p)/2}Γ[(7 − p)/2]g̃b̃N_p . (2.16)

According to the generalized AdS/CFT correspondence, the solution (2.14) is the dual gravity description of the noncommutative gauge field theory with gauge group U(N_p) in (p+1) dimensions [1, 2, 5, 6, 9]. When a = 0, the solution (2.14) reduces to the usual decoupling limit solution of Dp-branes without B-field [24]. This implies that the noncommutativity effect is weak in field theories for au ≪ 1 or at long distance.

In the decoupling limit, the thermal excitations above the extremality have the energy E, temperature T and entropy S: E = (9 − p)Ω_{8−p}Ṽ_p 2(2π)^7(g̃b̃)^2 u^{7−p}_0 T = 7 − p 4π R^{− 7−p2} u^{5−p2}_0 S = 2Ω_{8−p}Ṽ_p (2π)^6(g̃b̃)^2 R^{7−p2} u^{(9−p)/2} 0 . (2.17)

Here Ṽ_p = V_{p−2}Ṽ_2 is the spatial volume of the Dp-brane after taking the decoupling limit (2.14), and Ṽ_2 = V_2b̃^2/α^{′2} is the area of the torus. Using (2.17), one finds the free energy, defined as F = E − T S, of the thermal excitations: F = − (5 − p)Ω_{8−p}Ṽ_p 2(2π)^7(g̃b̃)^2 u^{7−p}_0

= − Ω_{8−p}V_{p−2}Ṽ_2 (2π)^7g̃^2b̃^2 5 − p 2 ( 4π 7 − p ) 2(7−p)_{5−p} R^{(7−p)} 2 5−p T^{2(7−p)5−p} , (2.18)

in terms of the temperature. In the decoupling limit, the numbers of two kinds of branes are constants. Hence the first law of thermodynamics becomes dE = T dS and dF = −SdT . (2.19) In the spirit of the generalized AdS/CFT correspondence, the thermodynamics of the thermal excitations should be equivalent to that of the corresponding noncommutative gauge fields at finite temperature T in the large-N and strong ’t Hooft coupling limit. We notice that these thermodynamic quantities, after rescaling the string coupling constant as g̃b̃ = ĝ, are exactly the same as those of the black Dpbranes without B-field in the decoupling limit. This means that in this supergravity approximation, the thermodynamics of the large-N noncommutative and ordinary gauge field theories both in (p + 1) dimensions are equivalent to each other. This also implies that in the planar limit, the number of the degrees of freedom in the noncommutative gauge theories coincides with that in the ordinary field theories not only in the weak coupling limit [25], but also in the strong coupling limit [2, 5, 6, 9].

Now let us recall the fact that the thermodynamics (2.9) of the black Dp-branes with nonzero B-field is the same as that of the black D(p−2)-branes with two smeared coordinates and zero B field. In the decoupling limit (2.14), the solution (2.14) is described by the quantities of Dp-branes. For instance, R^{7−p} is proportional to the number N_p of the coinciding Dp-branes (see (2.16)). In fact the “radius” R can also be expressed by quantities of D(p − 2)-branes. Using (2.8), we obtain

R^{7−p} = 1 2 (2π)^{6−p}π^{−(7−p)/2}Γ[(7 − p)/2]g̃b̃N_{p−2} × (2π)^2b̃ Ṽ_2 . (2.20)

In the decoupling limit, we are thus led to the relation between the numbers of Dpand D(p − 2)-branes:

tan θ = b̃ α^′ = (2π)^2b̃^2 α^′Ṽ_2 N_{p−2} N_p =⇒ N_{p−2} N_p = Ṽ_2 (2π)^2b̃

. (2.21)

Because Ṽ_2 and b̃ can be kept finite, we can thus conclude that in the decoupling limit of the Dp-branes with NS B-field, the number of the D(p − 2)-branes can be kept finite. This looks different from the claim by Lu and Roy [11] where they conclude that the number of the D(p − 2)-branes becomes infinity in the decoupling limit. This is so because they take a little different decoupling limit and there x̃_{p−1} and x̃_p are infinitely extended. Mathematically our decoupling limit becomes the same as theirs by taking Ṽ_2 → ∞ but keeping N_{p−2}/Ṽ_2 = N_p/(2π)^2b̃ finite.

In the decoupling limit (2.14), tan θ → ∞ as α^′ → 0. If we set θ = π/2, the solution (2.1) reduces to the black D(p − 2)-brane with two smeared coordinates and zero B-field after gauging away the constant value. This shift of the constant B is allowed in the large-N limit [25].^1 The decoupling limit solution (2.14) for the black Dp-brane with NS B-field is thus expected to be related with the solution of black D(p − 2)-brane with two smeared coordinates and no B-field in the same decoupling limit. For our convenience, we rewrite the black D(p − 2)-brane with two smeared coordinates:

ds^2 = H^{−1/2}[−fdt^2 + dx^2_1 + · · · + dx^2_{p−2} + H(dx^2_{p−1} + dx^2_p)]

+H^{1/2}(f^{−1}dr^2 + r^2dΩ_{8−p}) , e^{2ϕ} = g^2H^{(5−p)/2} , A^{p−2}_{01···(p−2)} = g^{−1}(H^{−1} − 1) coth α , B_{p−1,p} = 0 , (2.22)

1Alternatively, if one simply takes the usual D(p − 2)-brane solution, there is no B-field.

where H and f are the same as those in (2.2). Note that here x_{p−1} and x_p are two smeared transverse coordinates for the D(p−2)-branes. In the decoupling limit (2.14), we reach

ds^2 = α^′ [( u R )_{(7−p)/2} ( −f̃ dt^2 + dx̃^2_1 + · · · + dx̃^2_{p−2} + 1 (au)^{7−p} (dx̃^2_{p−1} + dx̃^2_p) ) + + ( R u )_{(7−p)/2} ( f̃^{−1}du^2 + u^2dΩ^2_{8−p} ) ] , e^{2ϕ} = g̃^2b̃^{5−p}(au)^{(7−p)(p−5)/2} , B_{p−1,p} = 0 , (2.23)

where f̃ and R^{7−p} are given in (2.15) and (2.20), respectively. When f̃ = 1, the solution reduces to that given in [11]. Obviously for au ≫ 1, the decoupling solution (2.14) of the Dp-brane with NS B-field is indeed equivalent to the decoupling limit solution (2.23) of the black D(p − 2)-branes with two smeared coordinates and no NS B field, as noticed in [11]. (We will also discuss the equivalence from the thermodynamics point of view shortly.) Note that the coordinate u corresponds to an energy scale of worldvolume gauge field theories, and in (2.14) au reflects the noncommutative effect of gauge fields. It has been found that in order for the dual gravity description (2.14) of noncommutative gauge fields to be valid, au ≫ 1 should be satisfied [11, 5], in which case N_p can be small and the noncommutativity effect is strong in the corresponding field theories.

We know that the solution (2.14) is a dual gravity description of a noncommutative super Yang-Mills theory with gauge group U(N_p) in (p + 1) dimensions. What is the field theory corresponding to the supergravity solution (2.23) for large au? To see this, let us note that the supergravity description (2.23) breaks down for large au since the effective size of the torus shrinks. Nevertheless, we can make a T-duality along the directions x̃_{p−1} and x̃_p. We then obtain a usual decoupling limit solution of N_{p−2} coincident Dp-branes without B field [24]:

ds^2 = α^′ [( u R )_{(7−p)/2} ( −f̃dt^2 + dx̃^2_1 + · · · + dx̃^2_{p−2} + dx^2_{p−1} + dx^2_p ) + + ( R u )_{(7−p)/2} ( f̃^{−1}du^2 + u^2dΩ^2_{8−p} ) ]

e^{2ϕ} =

(2π)^4g̃^2b̃^4 Ṽ 2_2 ( u R )_{(7−p)(p−3)/2} , B̃_{p−1,p} = 0 . (2.24)

This solution describes a (p + 1)-dimensional ordinary super Yang-Mills theory with gauge group U(N_{p−2}) on the dual torus with area V̂_2 = (2π)^4b̃^2/Ṽ_2. Since the dual torus is characterized by the periodicity x_{p−1,p} ∼ x_{p−1,p} + √ V̂_2, the radii of the dual torus go to zero for Ṽ_2 → ∞ and the (p + 1)-dimensional ordinary super Yang-Mills theory then reduces to a (p − 1)-dimensional one. This means that if the torus in (2.23) is very large (Ṽ_2 → ∞), the solution is a dual gravity description of a (p − 1)-dimensional ordinary super Yang-Mills theory with gauge group U(∞). The (p − 1)-dimensional theory has the Yang-Mills coupling constant

g^2_{YM} = (2π)^{p−4}g̃ , (2.25)

while the coupling constant of the (p + 1)-dimensional noncommutative gauge field is g^2_{YM} = (2π)^{p−2}g̃b̃. Thus we reach the equivalence argued by Lu and Roy [11] between the noncommutative super Yang-Mills theory in (p + 1) dimensions and the ordinary one with gauge group U(∞) in (p − 1) dimensions.

This equivalence can also be understood from a T-duality of the decoupling limit solution (2.14) for the Dp-branes with B-field. A usual T-duality transformation [39] is, however, not enough for this purpose since the resulting radius for the torus is not large after the usual T-duality in the presence of B field. This can be remedied if we use more general T-duality transformation SL(2, Z) [40] as described in refs. [15, 8]. The duality transformation ρ → aρ + b cρ + d , ρ ≡ Ṽ_2 (2π)^2α^′ ( B_{p−1,p} + i √ G_{(p−1)(p−1)}G_{pp} ) , (2.26)

gives a dual solution

ds^2 = α^′ [( u R )_{(7−p)/2} ( −f̃dt^2 + dx̃^2_1 + · · · + dx̃^2_{p−2} + dx^2_{p−1} + dx^2_p ) + + ( R u )_{(7−p)/2} ( f̃^{−1}du^2 + u^2dΩ^2_{8−p} )] , e^{2ϕ} =

(2π)^4g̃^2b̃^4 Ṽ 2_2 ( u R )_{(7−p)(p−3)/2} , B̃_{p−1,p} = α^′ b̃ , (2.27)

by choosing c = −1 and d = Ṽ_2/(2π)^2b̃ when the latter is an integer. Note that d = N_{p−2}/N_p must be a rational number. If this is not an integer, after some steps of Morita equivalence transformation following [8], one can reach a solution like (2.27). For p = 3 and f̃ = 1, the solution (2.27) reduces to the case discussed in [15, 8]. Note that the solution (2.27) is the same as (2.24) except that the former has a nonvanishing constant B-field while the latter has zero B-field. The solution (2.27) describes a twisted ordinary super Yang-Mills theory with gauge group U(N_{p−2}) in (p + 1) dimensions, living on the dual torus with area V̂_2 = (2π)^4b̃^2/Ṽ_2. For Ṽ_2 → ∞, however, the theory reduces to a (p − 1)-dimensional ordinary super Yang- Mills theory. Therefore we again arrive at the conclusion that the (p+1)-dimensional noncommutative gauge field is equivalent to an ordinary gauge field with gauge group U(∞) in (p − 1) dimensions for Ṽ_2 → ∞, from the point of view of dual gravity description.

Next let us address another evidence to render support of the above equivalence from the viewpoint of thermodynamics. We find that the thermodynamics of decoupling limit solution (2.23) of the D(p − 2)-branes is completely the same as those in (2.17). The worldvolume theory of the (D(p − 2), Dp) bound states (2.1) (or N_p coinciding Dp-branes with B-field) is a noncommutative gauge field theory with gauge group U(N_p) in (p + 1) dimensions with two dimensions compactified on a torus, while the worldvolume theory is an ordinary gauge field theory with the same gauge group U(N_p) if the NS B-field is absent. The above equivalence of the descriptions of the (D(p − 2), Dp) bound states implies that the bound states can also be described by ordinary gauge field theories in (p + 1) dimensions. Moreover, the equivalence is valid also between the (p + 1)-dimensional noncommutative U(N_p) theory and the (p − 1)-dimensional U(∞) ordinary theory in the limit Ṽ_2 → ∞ for the reason described above. For finite volume, the equivalence is between the (p+1)- dimensional noncommutative U(N_p) gauge field and a (twisted) ordinary U(N_{p−2}) gauge field with the relation (2.21), the latter living on a dual torus. In this case, the Yang-Mills coupling constant is

g^2_{YM} =

(2π)^pg̃b̃^2 Ṽ_2 , (2.28)

for the (p + 1)-dimensional ordinary gauge field theory. As a self-consistency check, one may find that the coupling constant (2.25) can also be obtained from (2.28) after a trivial dimensional reduction. In the following sections we will further discuss the equivalence of the descriptions and the relation (2.21) from the point of view of probe branes.

3. The static probes: thermodynamics

The D-brane probe is a useful tool to explore the structure of D-brane bound states (see for example [41]–[47] and references therein). Recently the D-brane probes have been used to check a certain aspect of AdS/CFT correspondence [48]–[52]. In this section we consider the static interaction potentials (thermodynamics) of two kinds of probes in the background of (D(p − 2), Dp) bound states. One of them is a bound state probe consisting of D(p − 2)- and Dp-branes, or Dp-brane probe with B-fields, or noncommutative Dp-brane probe; the other is a D(p − 2)-brane probe. Let us first discuss the noncommutative Dp-brane probe.

3.1 A noncommutative Dp-brane probe Due to the presence of the nonvanishing NS B-field in the noncommutative Dp-brane probe, the probe should have the following action: S_p = −T_p ∫ d^{p+1}xe^{−ϕ} √ − det(G_{ab} + F_{ab}) + T_p ∫ A^p + T_p ∫ A^{p−2} ∧ F , (3.1) where F_{ab} = (2πα^′)F_{ab} + B_{ab}, F_{ab} is the gauge field strength on the worldvolume of the Dp-brane and B_{ab} is the NS B-field. Here we set F_{ab} = 0. As demonstrated in (2.1), the occurrence of the NS B-field in the Dp-branes is always accompanied by the appearance of D(p − 2)-branes in the system, forming (D(p − 2), Dp) bound states. The probe can be regarded as a bound state probe consisting of D(p−2)- and Dp-branes for the following reasons: (1) The probe has the tension T_p √ 1 + tan^2 θ, the same as the (D(p − 2), Dp) bound states; (2) We will see shortly that the static interaction potential of the probe vanishes in the background of the nonthreshold (D(p − 2), Dp) bound states; (3) Except for the source A^p of the Dp-branes, the source A^{p−2} of the D(p − 2)-branes also occurs in the action (3.1); (4) From its thermodynamics we will obtain further evidence of this interpretation. Because of the presence of the NS B-field, we can also view the probe as a noncommutative Dp-brane probe.

Substituting the solution (2.1) into the probe action (3.1), one has

S_p = − T_pV_p g cos θ ∫ dτH^{−1} [√ f − 1 + H_0 − H ] , (3.2)

where we have subtracted a constant potential at spatial infinity and

H_0 = 1 + ( R̃ r )_{7−p} = 1 + r^{7−p}_0 sinh α cosh α r^{7−p} . (3.3)

In the extremal limit (f = 1), the static interaction potential vanishes, which verifies that the probe is a bound state of D(p − 2)-branes and Dp-branes because the source is nonthreshold bound states of D(p − 2)- and Dp-branes. Unless the probe is such a kind of bound state, the static potential will no longer vanish. In the non-extremal background, the interaction potential always exists.

Now suppose the probe is moved from spatial infinity to the horizon of the source [49]. From (3.2) we can obtain the potential difference (which is just the potential at the horizon because we have set the potential zero at spatial infinity)

U_p|_{r=r0} = T_pV_p g cos θ

(1 − tanh α) . (3.4)

Since the tension of the probe is T_p √ 1 + tan^2 θ, it is easy to show that the first term is just the mass of the probe because

m_p = T_pV_p g √ 1 + tan^2 θ = T_pV_p g cos θ

. (3.5)

The second term in (3.4) has the following interpretation. Let us denote the numbers of Dp-branes and D(p − 2)-branes in the probe by δN_p and δN_{p−2}, respectively. We then have μ_pV_pT_pδN_p + μ_{p−2}V_{p−2}T_{p−2}δN_{p−2} = T_pV_p g cos θ [ cos^2 θ + sin θ cos θ V_{p−2}T_{p−2} V_pT_p δN_{p−2} δN_p ] δN_p = T_pV_p g cos θ tanh αδN_p , (3.6)

where in obtaining the second line we have used the fact that the form of the tension of the probe implies that the number of the branes obey δN_{p−2}/δN_p = tan θV_pT_p/(V_{p−2}T_{p−2}). When δN_p = 1, this quantity (3.6) gives the second term in (3.4). This process satisfies the first law of thermodynamics (2.10). In fact eq. (3.4) reduces to (2.10) with dM = m_p, U_p|_{r=r0} = T dS and (3.6). It follows that the potential of the probe is converted into heat energy and is absorbed by the source when the probe moves to the horizon from spatial infinity. Our calculation also shows that the probe is a bound state of D(p − 2)- and Dp-branes.

Now we consider the decoupling limit of the static probe action. In this limit, we obtain S_p = −

V_{p−2}Ṽ_2 (2π)^pg̃b̃ ∫ dτ ( u R )_{7−p} [√ f̃ − 1 + u^{7−p0} 2u^{7−p} ] . (3.7)

From the action we can also obtain the free energy of the probe at the temperature T , which is just the Hawking temperature of the source given in (2.17):

F_p =

V_{p−2}Ṽ_2 (2π)^pg̃b̃ ( u R )_{7−p} [√ f̃ − 1 + u^{7−p0} 2u^{7−p} ] . (3.8)

In the generalized AdS/CFT correspondence, the thermodynamics (2.17) is equivalent to that of noncommutative supersymmetric gauge fields with gauge group U(N_p) in the large-N and strong coupling limit (within the valid regime of dual gravity description). From the viewpoint of field theory, the thermodynamics corresponds to that of the gauge field in the Higgs branch, where the gauge group is not broken and hence the vacuum expectation values of scalars vanish. According to the interpretation of a D-brane probe action [42], the thermodynamics of a D-brane probe can be regarded as the thermodynamics of the supersymmetric gauge field in the Coulomb branch (Higgs phase) [48, 50], in which the original gauge group is broken; some vacuum expectation values of scalar fields do not vanish; and the distance u between the probe and the source can be viewed as a energy scale in the gauge fields. This interpretation of thermodynamics of D-brane probe turns out to be consistent with the expectation on the field theory side [48, 50].

Since the rescaled string coupling is ĝ = g̃b̃, we find from (3.8) that in the decoupling limit, the free energy of a noncommutative Dp-brane probe in the noncommutative Dp-brane background ((D(p − 2), Dp) bound states) is exactly the same as that of an ordinary Dp-brane probe in the Dp-brane background without NS B-field

(for the interaction potential of the latter see [50]). Thus, in the supergravity approximation, the thermodynamics of noncommutative gauge fields remains the same as the ordinary case both in the Higgs and Coulomb branches. We thus conclude that in the large-N limit, the number of the degrees of freedom of noncommutative gauge fields coincides with the ordinary case, not only in the weak coupling limit, but also in the strong coupling limit.

Now we consider the difference between the interaction potentials (free energy) of the probe at the infinity and at the horizon in the decoupling limit, and compare it with the asymptotically flat case already discussed before. Note that the free energy still vanishes at the infinity (u → ∞) as can be seen in (3.8). Thus the difference in the free energies is just the free energy of the probe at the horizon u_0:

F_p|_{u=u0} = −

V_{p−2}Ṽ_2 2(2π)^pg̃b̃ (u_0 R )_{7−p}

= − V_{p−2}Ṽ_2 2(2π)^pg̃b̃ ( 4πRT 7 − p ) 2(7−p)_{5−p} . (3.9)

We find that the free energy of the probe at the horizon (3.9) has the relation with that of the source (2.18) as

F_p|_{u=u0} = dF dN_p δN_p , (3.10)

with δN_p = 1. Note that we are considering a Dp-brane with B-field in the background of N_p Dp-branes. Therefore in the large N_p limit (that is N_p ≫ 1), the probe free energy is expected to be

F_p|_{u=u0} ≈ F (N_p + 1) − F (N_p) , (3.11)

consistent with (3.10). This relation supports the argument that the non-extremal Dp-branes is located at the horizon. (In the next section we will further show that indeed Dp-branes can be located at the horizon). This also supports the interpretation of thermodynamics of probe branes given in [48, 50], because the probe brane at the horizon of the source can be considered to coincide with source branes and the gauge symmetry is restored and the probe brane can be seen as a part of the source branes in this case.

3.2 A D(p − 2)-brane probe

Let us next consider a D(p − 2)-brane probe. The action of a D(p − 2)-brane in the background of the (D(p − 2), Dp) bound states (2.1) is S_{p−2} = −T_{p−2} ∫ d^{p−1}xe^{−ϕ} √ − det G_{ab} + T_{p−2} ∫ A^{p−2} . (3.12)

Substituting the background solution (2.1) into the action yields, for a static probe, S_{p−2} = − T_{p−2}V_{p−2} g ∫ dτH^{−1} [ H^{1/2}h^{−1/2} √ f − (1 − H_0) sin θ − H ] , (3.13)

where we have also subtracted a constant potential so that the interaction potential vanishes at spatial infinity. Note that the static interaction potential is quite different from that of the noncommutative Dp-brane probe in the same background (2.1). Indeed the potential (3.13) does not vanish even when the background is sent to the extremal limit of the solution. This is consistent with the fact that the source is a nonthreshold bound state consisting of D(p − 2)- and Dp-branes.

As in the noncommutative Dp-brane probe, let us first consider the asymptotically flat background. In this case, we find that the deference between the potentials at the spatial infinity and at the horizon is

U_{p−2}|_{r=r0} = V_{p−2}T_{p−2} g (1 − sin θ tanh α) . (3.14)

The first term is the mass of the probe m_{p−2} = T_{p−2}V_{p−2}/g, while the second term is equal to μ_{p−2}V_{p−2}T_{p−2}δN_{p−2} with δN_{p−2} = 1 since we are considering a probe D(p − 2)-brane. Therefore the D(p − 2)-brane probe falling to the horizon from the spatial infinity satisfies the first law (2.10) again with dM = m_{p−2}, δN_{p−2} = 1, and δN_p = 0. The potential difference of the D(p − 2)-brane probe is converted into heat energy at the horizon and thereby is absorbed by the source.

Comparing (3.2) and (3.13), a priori one may think that they are quite different and there seems to be no relation between them. Actually once the decoupling limit (2.14) is taken, one may find that there is a close relation between (3.2) and (3.13). In the decoupling limit, the action of the D(p − 2)-brane probe becomes S_{p−2} = − V_{p−2} (2π)^{p−2}g̃ ∫ dτ ( u R )_{7−p} [ √ 1 + (au)^{7−p} (au)^{7−p} √ f̃ − 1 + u^{7−p0} 2u^{7−p} ] . (3.15)

As mentioned above, the validity of the dual gravity description of gauge field theories requires au ≫ 1. The above action then reduces to S_{p−2} = − V_{p−2} (2π)^{p−2}g̃ ∫ dτ ( u R )_{7−p} [√ f̃ − 1 + u^{7−p0} 2u^{7−p} ] . (3.16)

The corresponding free energy of the probe at the distance u is F_{p−2} = − V_{p−2} (2π)^{p−2}g̃ ( u R )_{7−p} [√ f̃ − 1 + u^{7−p0} 2u^{7−p} ] . (3.17)

At the horizon u_0 it is F_{p−2}|_{u=u0} = − V_{p−2} 2(2π)^{p−2}g̃ (u_0 R )_{7−p}

= − V_{p−2} 2(2π)^{p−2}g̃ ( 4πRT 7 − p ) 2(7−p)_{5−p} . (3.18)

Comparing the free energy (3.18) with the one (3.9) of the noncommutative Dp-brane probe, one may find that they are the same up to a different prefactor. Consequently the free energy of δN_{p−2} D(p − 2)-branes is the same as that of δN_p noncommutative Dp-branes if the relation δN_{p−2} δN_p = Ṽ_2 (2π)^2b̃

, (3.19)

is obeyed. We see that this relation coincides with eq. (2.21). Note that the relation (2.21) is derived from the two equivalent descriptions of the bound state source, while (3.19) is obtained from the equivalence of probes in the same background. In other words, the probe consisting of δN_p noncommutative Dp-branes is equivalent to the probe consisting of δN_{p−2} D(p − 2)-branes since they get the same response in the same background. Furthermore, we find

F_{p−2}|_{u=u0} = dF dN_{p−2} δN_{p−2} , (3.20)

with δN_{p−2} = 1. When N_{p−2} ≫ 1, once again, we have F_{p−2}|_{u=u0} ≈ F (N_{p−2} + 1) − F (N_{p−2}) . (3.21) This implies that from the point of view of the D(p−2)-brane probe, the bound state source (D(p − 2), Dp) can be viewed as N_{p−2} coincident D(p − 2)-branes with two smeared coordinates and zero NS B-field, while from the noncommutative Dp-brane probe, the source is N_p coincident Dp-branes with nonzero NS B-field. Therefore from the thermodynamics of probe branes, we again find that the bound states (D(p − 2), Dp) have two equivalent descriptions.

4. The dynamical probes: absorbing or scattering

In this section we will consider the dynamical aspect of the two kinds of probes discussed in the previous section.

4.1 The noncommutative Dp-brane probe To investigate the dynamics of the probe, it is convenient to take static gauge: τ = t, x_i act just as the worldvolume coordinates and other transverse coordinates depend only on τ. In the background (2.1), the action (3.1) of the noncommutative Dp-brane probe reduces to

S_p = − T_pV_p g cos θ ∫ dτH^{−1} [√ f − H(f^{−1}ṙ^2 + r^2Ω̇^2_{8−p}) − 1 + H_0 − H ] , (4.1)

where an overdot denotes the derivative with respect to τ. In the decoupling limit, the action becomes S_p = −m_p ∫ dτ ( u R )_{7−p} √ f̃ − ( R u )_{7−p} ( f̃ −1u̇2 + u2Ω̇2_{8−p} ) − 1 + u^{7−p}_0 2u^{7−p} , (4.2) where m_p = V_{p−2}Ṽ_2/[(2π)^pg̃b̃] is the mass of the probe. With the definition of the isotropic coordinates

f̃^{−1}du^2 + u^2dΩ^2_{8−p} = u^2ρ^{−2}(dρ^2 + ρ^2dΩ^2_{8−p}) , (4.3)

where u^{7−p} = ρ^{7−p} ( 1 + u^{7−p}_0 4ρ^{7−p} )2 , (4.4)

we can define the velocity of the probe as

f̃^{−1}u̇^2 + u^2Ω̇^2_{8−p} ≡ u^2ρ^{−2}v^2 . (4.5)

In the low velocity and long distance approximation, expanding (4.2) yields

S_p = ∫ dτ [ 1 2 m_pv^2 − V(ρ, v) + O ( 1 ρ^{2(7−p)} )] , (4.6)

where the interaction potential V is V(ρ, v) = −m_p u^{7−p}_0 ρ^{7−p} { 9 − p 4(7 − p) v^2 + 1 8 [( u_0 R )_{7−p} + ( R u_0 )_{7−p} v^4 ]} . (4.7)

When θ = 0, the background (2.1) reduces to the black Dp-brane without B and the probe action (4.1) to the one for a Dp-brane without B-field. The interaction potential (4.7) therefore is also the one for a Dp-brane probe in other Dp-brane background. Up to order v^4, it can be seen that (4.7) reduces to the result in [42] for a Dp-brane in other Dp-brane background. This interaction potential can be reproduced in the one-loop calculation of the noncommutative field theory. Using the relation between the phase shift of scattering and the potential [44] δ(ρ, v) = − ∫_∞ 0 dτV[ρ(τ), v] , ρ^2(τ) = ρ^2 + v^2τ^2 , (4.8)

we obtain the phase shift of the probe. Writing V(ρ, v) = λ(v)ρ^{−(7−p)}, we find δ(ρ, v) = − B (_1 2 ,^{6−p}_2 ) 2vρ^{6−p} λ(v) , (4.9)

where B is the beta function.

Next we discuss the classical motion of the noncommutative Dp-brane probe near the horizon of the source (that is, in the decoupling limit). For simplicity, let us consider the case of the probe with angular momentum only in a single direction (say, ϕ-direction). Following refs. [46, 47], from (4.2) we obtain its angular momentum L = m_pu^2ϕ̇ √ f̃ − (R/u)7−p ( f̃ −1u̇2 + u2ϕ̇2

) . (4.10)

The energy of the probe is E = m_p(u/R)^{7−p}f̃ √ f̃ − (R/u)7−p ( f̃ −1u̇2 + u2ϕ̇2 ) − m^p ( u R )_{7−p} ( 1 − u^{7−p}_0 2u^{7−p} ) . (4.11)

With the relation E = 1 2 m_pu̇^2 + V (u) , (4.12)

one may obtain an effective central potential of the radial motion of the probe V (u) = E [ 1 − m_pf̃^2 2E ( u R )_{7−p} ( 1 − f̃ A^2 )] + L^2f̃^3 2m_pu^2A^2

, (4.13)

where A = 1 − u^{7−p}_0 2u^{7−p} + E m_p ( R u )_{7−p} . (4.14)

The qualitative features of the motion of the probe can be understood by finding out the turning points, at which u̇ = 0.

Let us first discuss the case of extremal background (or in the background of the nonthreshold bound state (D(p − 2), Dp). One has f̃ = 1. From the effective central potential one can see that if the angular momentum vanishes, there is no turning point for the probe. It follows that the probe will be captured by the source. When the angular momentum does not vanish, the potential (4.13) reduces to V (u) = E { 1 − 1 2 ( u u_∗ )_{7−p} [ 1 − 1 (1 + (u_∗/u)^{7−p})^2 ]} + Eu^2_{∗∗} 2u^2 (1 + (u_∗/u)^{7−p})^2 , (4.15) where we have introduced two characterizing lengths

u_∗ = R ( E m_p )_{1/(7−p)} , u_{∗∗} = L ( 1 m_pE )_{1/2} . (4.16)

The turning point satisfies the following equation: 2 + ( u_∗ u_c )_{7−p} = ( u_{∗∗} u_c )_2

. (4.17)

If u_∗/u ≫ 1, namely, very near the source branes, the turning point is

u_c = ( u^{7−p}_∗ u^2_{∗∗} )_{1/(5−p)} . (4.18)

In the non-extremal background, there may exist some points satisfying the turning-point condition u̇ = 0. From the effective potential (4.13) we find that the horizon, where f̃ = 0, must be one of those points, regardless of the angular momentum. In particular, we notice that the central force exerted on the probe, defined as F (u) = −dV (u)/du, vanishes at the horizon. It means that once the probe reaches the horizon, it can stay at the horizon since the horizon is the turning point and the central force is zero there. In the previous section we have shown that the non-extremal branes are “located” at the horizon from the point of view of thermodynamics of a probe brane. Here we provide another evidence to support the argument from the dynamical aspect of a probe brane.

4.2 The D(p − 2)-brane probe In this subsection we consider the dynamics of a D(p − 2)-brane in the background of (D(p − 2), Dp) bound states in the decoupling limit. In this case, the worldvolume is (t, x_1, . . . , x_{p−2}), in the static gauge, one has the action of the probe S_{p−2} = − T_{p−2}V_{p−2} g ∫ dτH^{−1} × (4.19) × [ (Hh^{−1})^{1/2} √ f − h(ẋ^2_{p−1} + ẋ^2_p) − H(f^{−1}ṙ^2 + r^2Ω̇^2_{8−p}) − (1 − H_0) sin θ − H ] , In the decoupling limit, it reduces to S_{p−2} = −m_{p−2} ∫ dτ ( u R )_{7−p} × (4.20)

× √ 1 (au)^{7−p}h̃ √ f̃ − h̃ ( ˙x̃^2_{p−1} + ˙x̃^2_p ) − ( R u )_{7−p}( f̃ −1u̇2 + u2Ω̇2_{8−p} ) −1+ u^{7−p}_0 2u^{7−p} .

Here m_{p−2} = V_{p−2}/[(2π)^{p−2}g̃] is the mass of the probe. When au ≫ 1, this action approximates to S_{p−2} = −m_{p−2} ∫ dτ ( u R )_{7−p} × (4.21)

× √ f̃ − 1 (au)^{7−p} ( ˙x̃^2_{p−1} + ˙x̃^2_p ) − ( R u )_{7−p}( f̃ −1u̇2 + u2Ω̇2_{8−p} ) − 1 + u^{7−p}_0 2u^{7−p} .

In fact, this is also the action of a D(p − 2)-brane probe in the background produced by the source D(p − 2)-branes (2.23). In the extremal limit, up to O(v^4), its motion is a geodesic of the following moduli space:

ds^2_m = du^2 + u^2dΩ^2_{8−p} + 1 b̃2 ( dx̃^2_{p−1} + dx̃^2_p ) . (4.22)

Therefore, in this approximation, the D(p − 2)-brane probe moves as in a flat space. Namely, in the large noncommutative effect limit, the effect of the N_p coincident Dpbranes in the source on the motion of a D(p − 2)-brane probe vanishes. The source looks like the one consisting of only D(p − 2)-branes with two smeared coordinates and no B-field.

In the large au ≫ 1 limit, if one does not consider the motion of the probe along the relative transverse directions (that is, setting ˙x̃_{p−1} = ˙x̃_p = 0 in the the action (4.21)), the action of the probe then reduces to that (4.2) of a noncommutative Dp-brane probe, except a difference in the mass of probes. If the mass of both probes is equal to each other, then they have the same interaction potential and the same phase shift depending on the distance and the velocity. Because we are considering only a single D-brane probe, to match the mass of probes, we should have δN_pm_p = δN_{p−2}m_{p−2}, from which one gets the relation (3.19) again. Thus, from the point of view of the dynamics of probes, we see again the equivalence between δN_p noncommutative Dp-branes and δN_{p−2} D(p−2)-branes with two smeared coordinates and no B-field.

Without the motion along the relative transverse directions, similarly to the case of the Dp-brane probe, we also obtain an effective central potential for the D(p − 2)- brane probe as

V (u) = E { 1 − m_{p−2}f̃^2 2E ( u R )_{7−p} [ 1 − Cf̃ B^2 ]} + L^2f̃^3 2m_{p−2}u^2B^2

, (4.23)

where we have not taken the large au limit and C = 1 + (au)^{7−p} (au)^{7−p} , B = 1 − u^{7−p}_0 2u^{7−p} + E m_{p−2} ( R u )_{7−p} . (4.24)

Due to the appearance of C, the motion of the probe D(p − 2)-brane is a little different from that of the Dp-brane probe. However, we find that the horizon of the background is still the turning point of the probe and the central force on the D(p−2)- brane probe vanishes. This implies that the D(p−2)-brane probe can also stay at the horizon. It is also consistent with the result from the analysis of thermodynamics of the probe. Indeed, as an ingredient of the bound state (D(p − 2), Dp), non-extremal D(p − 2)-branes should also be located at the horizon of the background.

5. Conclusions

As is well known by now, the worldvolume coordinates of Dp-branes will become noncommutative if a nonvanishing constant NS B-field is present on the worldvolume of the Dp-branes. The worldvolume theory is then the super Yang-Mills theory in a noncommutative space (noncommutative gauge field theory). Each of the nonthreshold (D(p − 2), Dp) bound states (2 ≤ p ≤ 6) can be viewed as a Dp-brane bound state with a nonvanishing NS B-field of rank two.

In this paper we have investigated two equivalent descriptions of the nonthreshold (D(p − 2), Dp) bound states in the dual gravity description. In the decoupling limit, the bound states can be described as Dp-branes with nonvanishing NS B-field, and then the worldvolume theory is a noncommutative gauge field with gauge group U(N_p) in (p + 1) dimensions (with two dimensions compactified on a torus in our case) if the number of the coincident Dp-branes is N_p. On the other hand, the nonthreshold (D(p − 2), Dp) bound state will reduce to the solution of D(p − 2)- branes with two smeared coordinates and zero B-field in the decoupling limit and the large au ≫ 1 limit. The latter condition is necessary for the validity of the dual gravity description. The worldvolume theory of the D(p − 2)-branes should be an ordinary gauge field theory with gauge group U(N_{p−2}) in (p + 1) dimensions if the number of the coincident D(p − 2)-branes is N_{p−2}. From the viewpoint of the thermodynamics of dual gravity solutions for the bound states (D(p − 2), Dp), we have found that N_p coincident Dp-branes with NS B-field is equivalent to N_{p−2} coincident D(p − 2)-branes with two smeared coordinates and no B-field. In the equivalence, N_p and N_{p−2} must obey the relation (2.21), where Ṽ_2 is the area of the two additional dimensions and b̃ is a noncommutativity parameter. When the volume of the torus is sent to infinity keeping this relation, the ordinary super Yang- Mills theory reduces to the one with gauge group U(∞) in (p − 1) dimensions. We have identified the Yang-Mills coupling constant for the (p − 1)-dimensional ordinary Yang-Mills theory.

We have also shown the equivalence from the thermodynamics and dynamics of two probes in the background of the bound states (D(p − 2), Dp). One of the probes is a bound state of Dp- and D(p − 2)-branes, which we called a noncommutative Dpbrane probe. The other is a D(p − 2)-brane probe. In the asymptotically flat limit, when the two probes fall into the horizon of the source from spatial infinity, their static interaction potentials at the horizon are converted into heat and thereby are absorbed by the source. In this process, the first law of black hole thermodynamics is obeyed. In the decoupling limit, we have found that the thermodynamics and dynamics of the two probes are identical if the numbers of probe branes satisfy the relation (3.19), completely the same relation as (2.21). As a byproduct, we have found that the free energy of the noncommutative Dp-brane probe in the Dp-brane background with a nonvanishing NS B-field is the same as that of a Dp-brane probe in the Dp-brane background without B-field. It shows that the thermodynamics of the noncommutative super Yang-Mills coincides with the ordinary case in the large- N limit, not only in the Higgs branch, but also in the Coulomb branch. In addition, from the analysis of dynamics of probes, we have derived that the non-extremal Dpbranes can be located at the horizon. Our discussions support the argument by Lu and Roy [11] that there is an equivalence between the noncommutative super Yang- Mills with gauge group U(N_p) in (p+1) dimensions with two dimensions compactified on a torus and the ordinary one with gauge group U(N_{p−2}) in (p − 1) dimensions when the area of the torus Ṽ_2 → ∞, with the relation (2.21) between N_p and N_{p−2}. This result is also consistent with the Morita equivalence [8].

Acknowledgments

We would like to thank J.X. Lu and E. Kiritsis for helpful correspondences. This work was supported in part by the Japan Society for the Promotion of Science and by grant-in-aid from the Ministry of Education, Science, Sports and Culture No. 99020.

References

[1] A. Hashimoto and N. Itzhaki, Non-commutative Yang-Mills and the AdS/CFT correspondence, Phys. Lett. B 465 (1999) 142 [hep-th/9907166].

[2] J.M. Maldacena and J.G. Russo, Large-N limit of non-commutative gauge theories, J.

High Energy Phys. 09 (1999) 025 [hep-th/9908134].

[3] M. Li and Y.-S. Wu, Holography and noncommutative Yang-Mills, Phys. Rev. Lett.

84 (2000) 2084 [hep-th/9909085].

[4] N. Ishibashi, A relation between commutative and noncommutative descriptions of D-branes, hep-th/9909176.

[5] M. Alishahiha, Y. Oz and M.M. Sheikh-Jabbari, Supergravity and large-N noncommutative field theories, J. High Energy Phys. 11 (1999) 007 [hep-th/9909215].

[6] J.L. F. Barbón and E. Rabinovici, On 1/N corrections to the entropy of noncommutative yang- mills theories, J. High Energy Phys. 12 (1999) 017 [hep-th/9910019].

[7] R.-G. Cai and N. Ohta, On the thermodynamics of large-N non-commutative super Yang-Mills theory, hep-th/9910092.

[8] A. Hashimoto and N. Itzhaki, On the hierarchy between non-commutative and ordinary supersymmetric Yang-Mills, J. High Energy Phys. 12 (1999) 007 [hep-th/9911057].

[9] T. Harmark and N.A. Obers, Thermodynamics of spinning branes and their dual field theories, J. High Energy Phys. 01 (2000) 008 [hep-th/9910036]; Phase structure of non-commutative field theories and spinning brane bound states, hep-th/9911169.

[10] D. Polyakov and M.M. Sheikh-Jabbari, Closed string brane-like states, brane bound states and noncommutative branes, hep-th/9912100.

[11] J.X. Lu and S. Roy, (p+1)-dimensional noncommutative Yang-Mills and D(p − 2) branes, hep-th/9912165.

[12] M. Li, Strings from IIB matrices, Nucl. Phys. B 499 (1997) 149 [hep-th/9612222].

[13] P.-M. Ho and Y.-S. Wu, Noncommutative geometry and D-branes, Phys. Lett. B 398 (1997) 52 [hep-th/9611233].

[14] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory: compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162].

[15] M.R. Douglas and C. Hull, D-branes and the noncommutative torus, J. High Energy Phys. 02 (1998) 008 [hep-th/9711165].

[16] F. Ardalan, H. Arfaei and M.M. Sheikh-Jabbari, Noncommutative geometry from strings and branes, J. High Energy Phys. 02 (1999) 016 [hep-th/9810072].

[17] M.M. Sheikh-Jabbari, Super Yang-Mills theory on noncommutative torus from open strings interactions, Phys. Lett. B 450 (1999) 119 [hep-th/9810179].

[18] C.-S. Chu and P.-M. Ho, Noncommutative open string and D-brane, Nucl. Phys. B 550 (1999) 151 [hep-th/9812219].

[19] H. Aoki et al., Noncommutative Yang-Mills in IIB matrix model, hep-th/9908141.

[20] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[21] J. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[22] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[23] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[24] N. Itzhaki, J.M. Maldacena, J. Sonnenschein and S. Yankielowicz, Supergravity and the large-N limit of theories with sixteen supercharges, Phys. Rev. D 58 (1998) 046004 [hep-th/9802042].

[25] D. Bigatti and L. Susskind, Magnetic fields, branes and noncommutative geometry,

hep-th/9908056.

[26] G. Arcioni and M.A. Vazquez-Mozo, Thermal effects in perturbative noncommutative gauge theories, J. High Energy Phys. 01 (2000) 028 [hep-th/9912140].

[27] P.K. Townsend, D-branes from M-branes, Phys. Lett. B 373 (1996) 68 [hep-th/9512062].

[28] N. Ishibashi, p-branes from (p − 2)-branes in the bosonic string theory, Nucl. Phys. B 539 (1999) 107 [hep-th/9804163].

[29] L. Cornalba and R. Schiappa, Matrix theory star products from the Born-Infeld action,

hep-th/9907211.

[30] L. Cornalba, D-brane physics and noncommutative Yang-Mills theory,

hep-th/9909081.

[31] M. Kato and T. Kuroki, World volume noncommutativity versus target space noncommutativity, J. High Energy Phys. 03 (1999) 012 [hep-th/9902004].

[32] A. Kaya, Scalar absorption by noncommutative D3-branes, J. High Energy Phys. 01 (2000) 012 [hep-th/9911183].

[33] Y.S. Myung, G. Kang and H.W. Lee, Greybody factor for D3-branes in B-field,

hep-th/9911193.

[34] Y.S. Myung, G. Kang and H.W. Lee, S-wave absorption of scalars by noncommutative D3-branes, hep-th/9912288.

[35] J.G. Russo and A.A. Tseytlin, Waves, boosted branes and BPS states in M-theory, Nucl. Phys. B 490 (1997) 121 [hep-th/9611047].

[36] J.C. Breckenridge, G. Michaud and R.C. Myers, More D-brane bound states, Phys.

Rev. D 55 (1997) 6438 [hep-th/9611174].

[37] M. Costa and G. Papadopoulos, Superstring dualities and p-brane bound states, Nucl.

Phys. B 510 (1998) 217 [hep-th/9612204].

[38] J.X. Lu and S. Roy, ((F, D1), D3) bound state and its T-dual daughters, J. High Energy Phys. 01 (2000) 034 [hep-th/9905014].

[39] E. Bergshoeff, C. Hull and T. Ortín, Duality in the type-II superstring effective action, Nucl. Phys. B 451 (1995) 547 [hep-th/9504081].

[40] A. Giveon, M. Porrati and E. Rabinovici, Target space duality in string theory, Phys.

Rep. 244 (1994) 77 [hep-th/9401139].

[41] M. Douglas, J. Polchinski and A. Strominger, Probing five-dimensional black holes with D-branes, J. High Energy Phys. 12 (1997) 003 [hep-th/9703031].

[42] J. Maldacena, Probing near extremal black holes with D-branes, Phys. Rev. D 57 (1998) 3736 [hep-th/9705053].

[43] A.A. Tseytlin, ‘No-force’ condition and BPS combinations of p-branes in 11 and 10 dimensions, Nucl. Phys. B 487 (1997) 141 [hep-th/9609212].

[44] I. Chepelev and A.A. Tseytlin, Long-distance interactions of D-brane bound states and longitudinal 5-brane in M(atrix) theory, Phys. Rev. D 56 (1997) 3672 [hep-th/9704127].

[45] I. Chepelev and A.A. Tseytlin, Long-distance interactions of branes: correspondence between supergravity and super Yang-Mills descriptions, Nucl. Phys. B 515 (1998) 73 [hep-th/9709087].

[46] H. Liu and A.A. Tseytlin, Statistical mechanics of D0-branes and black hole thermodynamics, J. High Energy Phys. 01 (1998) 010 [hep-th/9712063].

[47] D. Youm, Probing partially localized supergravity background of fundamental string ending on Dp-brane, hep-th/9906232.

[48] A.A. Tseytlin and S. Yankielowicz, Free energy of N = 4 super Yang-Mills in Higgs phase and non-extremal D3-brane interactions, Nucl. Phys. B 541 (1999) 145 [hep-th/9809032].

[49] E. Kiritsis and T.R. Taylor, Thermodynamics of D-brane probes, hep-th/9906048.

[50] E. Kiritsis, Supergravity, D-brane probes and thermal super Yang-Mills: a comparison, J. High Energy Phys. 10 (1999) 010 [hep-th/9906206].

[51] K. Landsteiner and E. Lopez, Probing the strong coupling limit of large-N SYM on curved backgrounds, J. High Energy Phys. 09 (1999) 006 [hep-th/9908010].

[52] R.-G. Cai, Dynamics and thermodynamics of a probe brane in the multicenter and rotating d3-brane background, J. High Energy Phys. 09 (1999) 027 [hep-th/9909077].